Abstract. We describe a class of genus 2 closed hyperbolic 3-manifolds of arbitrarily large volume.
Definition 1. Given a link diagram D, we call a complimentary region having two crossings in its boundary a bigon region. A twist is a sequence v 1 , . . . , v l of vertices such that v i and v i+1 are the vertices of a common bigon region, and that is maximal in the sense that it is not part of a longer such sequence. A single crossing adjacent to no bigon regions is also a twist. The twist number t(D) of a diagram D its number of twists.
Theorem 1. (Lackenby) Let D be a prime alternating diagram of a hyperbolic link
, where v 3 (≈ 1.01494) is the volume of a regular hyperbolic ideal 3-simplex.
A particularly nice class of alternating diagrams is given by 2-bridge knots that are not torus knots. The following lemma is a well known consequence of work of Hatcher and Thurston. Lemma 1. There are 2-bridge knots whose complements support complete hyperbolic structures of arbitrarily large volume.
Proof. It follows from [5] that 2-bridge knots are simple and from [12] that the complement of a 2-bridge knot that is not a torus knot supports a complete finite volume hyperbolic structure. Claim: There are 2-bridge knots that are not torus knots with diagrams of arbitrarily high twist number. ′ and q − q ′ is divisible by p. It follows from [10] (for a shorter proof see [11] ) that the bridge number of a (p, q)-torus knot is min(p, q). Thus a 2-bridge knot that is also a torus knot must be a (2, n)-torus knot. The rational number corresponding to the (2, n)-torus knot is n, an integer. Examples of 2-bridge knots that are not torus knots with diagrams of arbitrarily high twist number can thus be easily constructed, e.g.: [ 
The tunnel number of K, denoted by t(K), is the least number of arcs required in a tunnel system for K.
A Heegaard splitting of a closed 3-manifold M is a decomposition M = V ∪ S W in which V, W are handlebodies with ∂V = ∂W is the surface S, called the splitting surface. The genus of M is the minimal genus required for a splitting surface of M .
The following Lemma is well known (see for instance [9] ).
Lemma 2. 2-bridge knots have tunnel number 1.
Recall the 2π-Theorem (for a proof, see for instance [2, Theorem 9]): (Here X(s 1 , . . . , s n ) is the 3-manifold obtained by Dehn filling X along s 1 ∪ · · · ∪ s n .) Theorem 2. (Gromov-Thurston) Let X be a compact orientable hyperbolic 3-manifold. Let s 1 , . . . , s n be a collection of slopes on distinct components T 1 , . . . , T n of ∂X. Suppose that there is a horoball neighborhood of T 1 ∪ · · · ∪ T n on which each s i has length greather than 2π. Then X(s 1 , . . . , s n ) has a complete finite volume Riemannian metric with all sectional curvatures negative. ∞) , which has the following property. Let X be a compact hyperbolic 3-manifold and let s 1 , . . . , s n be slopes on distinct components T 1 , . . . , T n of ∂X. Suppose that there is a maximal horoball neighborhood of T 1 ∪ · · · ∪ T n on which l(s i ) > 2π for each i. Then
Recall that the that the volume and the Thurston norm of a compact hyperbolic 3-manifold M satisfy vol(M ) = v 3 |M |, where v 3 is the volume of a regular ideal 3-simplex in hyperbolic 3-space. Let α be an arc in X that is a tunnel system for K p/q . LetṼ = η(∂X ∪ α) and let W = closure(X − V ). By abusing notation slightly, we may consider W to be lying in X(r). Set V = closure(X(r) − W ) and S = V ∩ W . Then X(r) = V ∪ S W is a genus 2 Heegaard splitting of X(r).
Suppose that V ∪ S W is reducible. Then either X(r) is reducible, or V ∪ S W is stabilized. In case of the former, X(r) would be the connected sum of two lens spaces. In case of the latter, X(r) would have genus 1, i.e., be a Lens space, or genus 0, i.e., be S 3 , but all of these outcomes would contradict the fact that X(r) is hyperbolic. Thus X(r) has genus 2.
By the theorem of Cooper-Lackenby, vol(X(r)) = v 3 |X(r)| > 1 β(l(r)) |X| ≥ β(2π + ε) β(l(r)) N ≥ N.
Corollary 1.
There are closed manifolds with fundamental group of rank ≤ 2 of arbitrarily large hyperbolic volume.
